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Abstrat
We report on a new two-parameter lass of osmologial solutions to the
Einstein-Maxwell equations. The solutions have everywhere regular urvature
invariants. We prove that the solutions are geodesially omplete and globally
hyperboli.
1 Introdution
The reasons to study inhomogeneous osmologies have deep observational and theoreti-
al bases. As it is well known the present universe is not exatly spaially homogeneous
even at large sales. Moreover, there are no reasons to assume that the regular ex-
pansion is suitable for a desription of the early universe. This strongly motivates
the study of inhomogeneous osmologial models. They allows one to investigate a
number of long-standing questions regarding the struture formation, the ourrene
of singularities, the behavior of the solutions in the viinity of a singularity and the
possibility for our universe to arise from generi initial data. In partiular, on the
base of some exat solutions it was shown that the nonlinear inhomogeneities ould
regularize the initial singularity giving rise to ompletely regular osmologies both in
general relativity [1℄-[15℄ and in alternative gravitational theories [16℄-[21℄. From a
purely theoretial point of view, the investigation of nonsingular osmologial models
gives invaluable insight into the spaetime struture, the inherent nonlinear harater
of gravity and its interation with matter fields. As a byprodut it also deepens our
understanding of the singularity theorems, in partiular the assumptions lying in their
base [10℄.
In the present work we present a new two-parameter lass of exat singularity free
solutions of the Einstein-Maxwell equations.
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2 The exat solutions
We onsider Einstein-Maxwell gravity desribed by the equations:
Rµν = 2FµαF
α
ν −
1
2
gµνFαβF
αβ,
∇µF µν = 0, (1)
∇αFµν +∇νFαµ +∇µFνα = 0.
We assume that the spaetime admits two spaelike ommuting Killing vetors
∂/∂φ and ∂/∂z, whih are mutually- and hypersurfae-orthogonal. The metri then
an be written in the well known form [22℄:
ds2 = e2γ(t,r)(−dt2 + dr2) + e2ψ(t,r)ρ2(t, r)dφ2 + e−2ψ(t,r)dz2. (2)
We have found the following two-parameter lass of exat solutions:
eψ(t,r) =
λ2 + (1− λ2) cosh4(ar) cosh2(2at)
cosh2(ar) cosh(2at)
,
ρ(t, r) =
1
a
cosh(ar) sinh(ar) cosh(2at),
eγ(t,r) = cosh2(ar)
[
λ2 + (1− λ2) cosh4(ar) cosh2(2at)
]
, (3)
F03 = 4aλ
√
1− λ2e−2ψ(t,r) tanh(2at),
F13 = 4aλ
√
1− λ2e−2ψ(t,r) tanh(ar),
where a > 0 and 0 < λ < 1 are free parameters. The limiting ases λ = 0 and λ = 1
orrespond to solutions of the vauum Einstein equations. The limit a → 0 gives the
Minkowski spaetime. The range of the oordinates is:
−∞ < t, z <∞ , 0 < r <∞, 0 ≤ φ < 2π. (4)
The spaetimes desribed by the solutions (3) have well defined axis of symmetry
[22℄. Therefore, it an be said that these spaetimes admit ylindrial symmetry.
It should be noted that new solutions with the same spaetime geometry and dif-
ferent Maxwell tensor an be obtained by a duality rotation
Fµν → Fµν cos(θ) + ⋆Fµν sin(θ), (5)
where θ is a onstant parameter and ⋆ is the Hodge dual.
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3 Curvature invariants
The omponents of the Weyl tensor in the standard null tetrad are:
e2γ(t,r)Ψ0 =
3a2
cosh2(ar)
− 2a2
[
1− λ
2
S(t, r)
] [
2
cosh2(2at)
+
1
cosh2(ar)
]
− 8a
2λ2
S(t, r)
[
1− λ
2
S(t, r)
] [
tanh2(2at) + tanh2(ar)
]
(6)
+16a2
[
1− λ
2
S(t, r)
]2
[tanh(2at) + tanh(ar)]2
−8a2
[
1− λ
2
S(t, r)
]
[tanh(2at) + tanh(ar)] tanh(2at)
Ψ1 = 0, (7)
3e2γ(t,r)Ψ2 =
3a2
cosh2(ar)
+ 2a2
[
1− λ
2
S(t, r)
] [
1
cosh2(ar)
− 2
cosh2(2at)
]
+
8a2λ2
S(t, r)
[
1− λ
2
S(t, r)
] [
tanh2(ar)− tanh2(2at)
]
(8)
+16a2
[
1− λ
2
S(t, r)
]2 [
tanh2(2at)− tanh2(ar)
]
(9)
+4a2
[
1− λ
2
S(t, r)
] [
3 tanh2(ar)− 2 tanh2(2at)− 1
]
(10)
Ψ3 = 0, (11)
e2γ(t,r)Ψ4 =
3a2
cosh2(ar)
− 2a2
[
1− λ
2
S(t, r)
] [
2
cosh2(2at)
+
1
cosh2(ar)
]
− 8a
2λ2
S(t, r)
[
1− λ
2
S(t, r)
] [
tanh2(2at) + tanh2(ar)
]
(12)
+16a2
[
1− λ
2
S(t, r)
]2
[tanh(2at)− tanh(ar)]2
−8a2
[
1− λ
2
S(t, r)
]
[tanh(2at)− tanh(ar)] tanh(2at)
where S(t, r) = λ2 + (1− λ2) cosh4(ar) sinh2(2at).
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Further, the omponents of the Maxwell tensor in the standard null tetrad read
Φ0 =
−i
S(t, r)
2aλ
√
1− λ2 cosh(2at)[tanh(2at)− tanh(ar)], (13)
Φ1 = 0, (14)
Φ2 =
i
S(t, r)
2aλ
√
1− λ2) cosh(2at)[tanh(2at) + tanh(ar)]. (15)
All omponents of the Weyl tensor and the Maxwell tensor are regular everywhere.
Sine the salar invariants that an be formed with the metri and the Riemann urva-
ture tensor are polynomials of these omponents, all urvature invariants are regular
everywhere. From the expliit form of the Weyl tensor omponents one an hek that
the spaetimes are of Petrov type I exept at the axis where they are of type D.
4 Geodesi ompleteness
In order to demonstrate the geodesi ompleteness of the above solutions we have
to show that all ausal geodesis an be extended to arbitrary values of the affine
parameter. Sine the metri funtions are even in the time variable we shall investigate
only future-direted geodesis. Below we onsider 0 < λ < 1.
The existene of isometries gives rise to two onstants of motion along the geodesis:
L = e2ψ(t,r)ρ2(t, r)
dφ
dτ
,
P = e−2ψ(t,r)
dz
dτ
, (16)
where we have denoted by τ the affine parameter along the geodesis.
The affinely parameterized geodesis satisfy
e2γ(t,r)


(
dt
dτ
)2
−
(
dr
dτ
)2− L2
ρ2(t, r)
e−2ψ(t,r) − P 2e2ψ(t,r) = ǫ, (17)
where ǫ = 1 and ǫ = 0 for timelike and null geodesis, respetively. Writing dφ/dτ
and dz/dτ as funtions of L and P , the geodesi equations for t and r an be written
in the following form [14℄,[15℄:
d
dτ
(
e2γ(t,r)
dt
dτ
)
= e−2γ(t,r)M(t, r)∂tM(t, r), (18)
d
dτ
(
e2γ(t,r)
dr
dτ
)
= −e−2γ(t,r)M(t, r)∂rM(t, r), (19)
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where the funtion M(t, r) is defined by
M(t, r) = eγ(r,r)
[
ǫ+
L2
ρ2(t, r)
e−2ψ(t,r) + P 2e2ψ(t,r)
]1/2
. (20)
First we onsider the null geodesis with L = P = 0. For this ase we have
dt/dτ = |dr/dτ | and
d
dτ
(
e2γ(t,r)
dt
dτ
)
= 0. (21)
After integration, we obtain
dt
dτ
= Ce−2γ(t,r), (22)
where C > 0 is a onstant. One an easily see from the expliit form of eγ(t,r) that
e−2γ(t,r) ≤ 1. As a onsequene one finds
dt
dτ
= |dr
dτ
| ≤ C (23)
and therefore the null geodesis with L = P = 0 are omplete.
Let us turn to the general ase when at least one of the onstants ǫ, L or P is
different from zero. In this ase we parameterize dt/dτ and dr/dτ by writing [14℄,[15℄:
dt
dτ
= e−2γ(t,r)M(t, r) cosh(υ),
dr
dτ
= e−2γ(t,r)M(t, r) sinh(υ). (24)
Substituting these expressions into the equations for dt/dτ and dr/dτ , we obtain
the following equation for υ:
dυ
dτ
= −e−2γ(t,r) [∂tM(t, r) sinh(υ) + ∂rM(t, r) cosh(υ)] . (25)
The above equation an be written in a more expliit form
dυ
dτ
= − 1
M(t, r)
{J+(t, r) cosh(υ) + J−(t, r) sinh(υ)}, (26)
where
J+(t, r) = 2aǫ tanh(ar)
[
1 +
2(1− λ2) cosh4(ar) cosh2(2at)
λ2 + (1− λ2) cosh4(ar) cosh2(2at)
]
+
a3L2[3 tanh2(ar)− 1]
tanh3(ar)[λ2 + (1− λ2) cosh4(ar) cosh2(2at)] (27)
+8aP 2(1− λ2)[λ2 + (1− λ2) cosh4(ar) cosh2(2at)] tanh(ar),
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J
−
(t, r) = 4aǫ
(1− λ2) cosh4(ar) cosh2(2at)
λ2 + (1− λ2) cosh4(ar) cosh2(2at)
+2aP 2
[λ2 + (1− λ2) cosh4(ar) cosh2(2at)]
cosh4(ar) cosh2(2at)
(28)
×
[
3(1− λ2) cosh4(ar) cosh2(2at)− λ2
]
tanh(2at).
In order for the geodesis to be omplete, the funtions dt/dτ and dr/dτ have to
remain finite for finite values of the affine parameter. In fat, it is suffiient to onsider
only dt/dτ sine dt/dτ and dr/dτ are related via (17) and dr/dτ annot beome singular
if dt/dτ is not singular. The derivatives dφ/dτ and dz/dτ are regular funtions of t
and r and annot beome singular if t(τ) and r(τ) are not singular. The only problem
we ould have is when r(τ) approahes the value r = 0 for L 6= 0. We shall show,
however, that r(τ) annot beome zero for L 6= 0.
First we onsider the geodesis with inreasing r (i.e., υ > 0). From the expliit
form of the funtions e2γ(t,r) and M(t, r) it is not diffiult to see that
e−2γ(t,r)M(t, r) ≤
[
ǫ+ P 2 +
a2L2
sinh2(ar)
]1/2
. (29)
Therefore, dt/dτ ould beome singular only beause of υ(τ). However, for in-
reasing r, υ(τ) annot diverge sine for large t (large r) the derivative dt/dτ beomes
negative as an be seen from (26), (27) and (28).
Let us now onsider the seond ase when r(τ) dereases (υ <0). The geodesis
with L = 0 reah the axis r = 0 smoothly and then reappear with dr/dτ > 0 (υ > 0).
A problem may arise from r = 0 for L 6= 0. However, for L 6= 0, r(τ) annot beome
zero and this an be shown as follows. When r(τ) approahes zero the dominant term
is the one assoiated with L and the other terms an be ignored. So, for very small r
the geodesis behave as null geodesis with P = 0:
dt
dτ
= e−2γ(t,r)M(r) cosh(υ),
dr
dτ
= e−2γ(t,r)M(r) sinh(υ), (30)
dυ
dτ
= −e−2γ(t,r)∂rM(r) cosh(υ),
where
M(r) = |aL|cosh
3(ar)
sinh(ar)
. (31)
Hene, one finds
dr
dυ
= − M(r)
∂rM(r)
tanh(υ). (32)
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After integration we have
sinh(ar) = D cosh3(ar) cosh(υ), (33)
where D > 0 is a onstant. From here one an immediately see that r(τ) annot
beome zero. So, we have proven that our solutions are geodesially omplete. In the
same manner it an be shown that the vauum solutions for λ = 0 and λ = 1 are
geodesially omplete, too.
From the above onsiderations it follows that every maximally extended null
geodesi intersets one and only one any of the hypersurfaes t = constant. There-
fore the hypersurfaes t = constant are global Cauhy surfaes [23℄ and the spaetimes
desribed by the solutions are globally hyperboli.
Finally, it is interesting to see whih of the assumptions of the singularity theorems
[24℄ turn out to be violated. Sine the energy and the ausal onditions are fulfilled
it remains to onlude that the spaetimes onsidered do not ontain a losed trapped
surfae. In order to prove this we shall follow the onsiderations of [2℄,[25℄ and [26℄.
Indeed, let us suppose that the there is one suh surfae. Then, sine the surfae is
ompat, there must be a point q where r reahes its maximum. Let us denote it by
rmax = R on a onstant time hypersurfae t = T . For the traes of both null seond
fundamental forms at q, it an be shown that
K+ ≥
√
2ae−γ(R,T )
1 + tanh(2at) tanh(2ar)
tanh(2ar)
> 0,
K− ≤
√
2ae−γ(R,T )
tanh(2at) tanh(2ar)− 1
tanh(2ar)
< 0. (34)
The traes have opposite sings, and, therefore, there are no losed trapped surfaes.
In onlusion, we have presented a new (to the best of our knowledge) two-
parameter lass of exat solutions of the Einstein-Maxwell equations. The solutions
have no urvature singularity. Moreover, they are geodesially omplete and glob-
ally hyperboli. The solutions an be viewed as expliit examples of how the nonlinear
inhomogeneities an regularize the singularities yielding ompletely regular spaetimes.
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